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Abstract. The influence of Coulomb distortion on the polarization transfer in elastic proton and antiproton electron
scattering at low energies is calculated in a distorted wave Born approximation. For antiproton electron scattering
Coulomb effects reduce substantially the polarization transfer cross section compared to the plane wave Born approx-
imation whereas for proton electron scattering they lead to a dramatic increase for kinetic proton lab energies below
about 20 keV.
PACS. 13.88.+e Polarization in interactions and scattering – 25.30.Bf Elastic electron scattering – 29.27.Hj Polarized
beams
1 Introduction
Spin degrees of freedom constitute an important ingredient of
the internal dynamics of elementary particles and thus the study
of polarization observables provides important information on
their intrinsic properties. In order to investigate such polar-
ization observables experimentally, one needs sufficiently in-
tensive sources of polarized beams on the one hand and effi-
cient polarimeters on the other hand. Indeed, significant im-
provements of experimental methods for polarizing particles
and their analysis over the last decades have made possible a
great variety of different experiments devoted to the study of
polarization observables.
One interesting method for polarizing particles is the use of
polarization transfer in a storage ring, where a beam of easily
polarized particles like, e.g. electrons, scatters elastically with
polarization transfer on unpolarized particles, e.g. antiprotons.
Although the probability of such a polarization transfer in one
scattering event might be small, a series of successive scatter-
ings in the storage ring can lead to a significant polarization
build-up for the originally unpolarized particles [1,2]. The case
of the antiproton is particularly interesting because sources for
polarized antiprotons are still lacking. Such a source would al-
low for studies of iso-spin and spin symmetries in the interac-
tion of nucleons.
In principle the polarization transfer from polarized elec-
trons to unpolarized nucleons has been calculated in lowest
order in the framework of QED a long time ago [3,4,5,6,7]
and extensively used for the measurement of the electric form
factors of neutron and proton (see e.g. [8,9]). However, these
calculations are badly adapted to the situation of the interac-
tion of electron and antiproton beams in a storage ring at small
relative kinetic energies, because Coulomb effects cannot be
neglected at such low energies in contrast to the above cited
applications at higher energies. This has been pointed out by
Horowitz and Meyer [1], estimating the influence of Coulomb
effects in a rough approximation.
The present work aims at a more reliable treatment of Cou-
lomb effects on the polarization transfer cross section based on
a distorted wave approximation.
2 The polarization transfer cross section
For the scattering of an unpolarized spin-one-half hadron (here
proton or antiproton) on a polarized electron, the general ex-
pression for the polarization component P hk of the outgoing
hadron is given in the centre-of-momentum (c.m.) frame by
P hk
dσ(Se(l))
dΩh
=
1
8pi2
M2eM
2
h
W 2
×Trace(T †fiρ
h
f (Sh(k))Tfiρ
e
i (Se(l))) , (1)
where the initial electron, polarized along an axis “l”, is de-
scribed by the density matrix
ρei (Se(l)) =
1
2
(1 + γ5S/e(l)) , (2)
and the outgoing hadron polarization along an axis “k” by
ρhf (Sh(k)) = γ5S/h(k) , (3)
with the relativistic spin vectors Se(l) and Sh(k) of electron
and hadron, respectively,
Se(l) =
(
−
1
Me
sˆ(l) · p, sˆ(l) +
sˆ(l) · p
Me(Ee +Me)
p
)
, (4)
Sh(k) =
( 1
Mh
sˆ(k) · p′, sˆ(k) +
sˆ(k) · p′
Mh(E′h +Mh)
p′
)
. (5)
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Here sˆ(k) denotes a unit vector pointing into the direction of
the k-axis. The trace in (1) is to be taken over the hadron and
electron spin degrees of freedom, and Tfi denotes the scatter-
ing matrix. Furthermore, W = Eh + Ee denotes the invariant
energy of the hadron-electron system. Initial and final hadron
and electron momenta are denoted by
p
(′)
h = (E
(′)
h ,p
(′)) and p(′)e = (E(′)e ,−p (′)) , (6)
and their masses by Mh and Me, respectively.
The second contribution of the electron density matrix in
(2) describes the polarization transfer Pkl from an incoming
electron polarized along the l-axis to the outgoing hadron po-
larized along the k-axis, i.e.
Pkl
dσ0
dΩh
=
1
16pi2
M2eM
2
h
W 2
×Trace(T †fiγ5S/h(k)Tfiγ5S/e(l)) , (7)
where dσ0/dΩh denotes the unpolarized scattering cross sec-
tion in the c.m. system
dσ0
dΩh
=
1
16pi2
M2eM
2
h
W 2
Trace(T †fiTfi) . (8)
In the c.m. frame we use as reference system the z-axis
along the incoming hadron momentum p. Since we are mainly
interested in the integrated polarization transfer cross section,
we can fix the y-axis to an arbitrary direction in the plane per-
pendicular to the z-axis. Then the x-axis is chosen to form a
right handed orthogonal system.
We will discuss three different approximations for the scat-
tering matrix, namely (i) the plane wave Born approximation
(PW) and for the inclusion of Coulomb effects (ii) the approxi-
mation of Horowitz and Meyer (HM) [1], and (iii) the distorted
wave Born approximation (DW).
2.1 Plane wave approximation
The evaluation of the lowest order Feynman diagram, the one-
photon-exchangeapproximation, which corresponds to the PW,
yields for the scattering matrix, indicating only the initial and
final spin projectionsm(′)e/h with respect to a given quantization
axis,
Tm′
h
m′e,mhme
= 〈p′hm
′
h|j
µ
h |phmh〉
1
q2ν
〈p′em
′
e|je, µ|phme〉 ,
(9)
with qµ = ph,µ−p′h,µ as four momentum transfer, and denoting
the electron and hadron current operators by je, µ and jh, µ and
their Dirac spinors by |peme〉 and |phmh〉, respectively.
Evaluation of the trace leads to the following expression of
the polarization transfer cross section in the c.m. system [3]
Pkl
dσ0
dΩh
=
4α2
Q4
MeMh
W 2
×GM
[
GE(Se(l) · q Sh(k) · q − q
2
µSe(l) · Sh(k))
−ητ(GM −GE)Se(l) · q Sh(k) · (ph + p
′
h)
]
, (10)
and the well-known unpolarized c.m. scattering cross section
dσ0
dΩh
=
4α2p2
Q4
[
τ(G2E + ηG
2
M )
(
cos2(θ/2) +
M2eM
2
h
p2W 2τ
)
+2
M2h
W 2
(
η −
M2e
2M2h
)
G2M sin
2(θ/2)
]
, (11)
where α denotes the fine structure constant. Furthermore, GE
andGM stand for the electric and magnetic hadron Sachs form
factors, respectively, and (Q2 = −q2µ = q2)
τ = (1 + η)−1 with η = Q
2
4M2h
. (12)
One should note that (11) is not the usual high energy limit
(Me → 0).
For low energy hadrons (p2/2Mh ≪ Mh) we can adopt
non-relativistic kinematics and then the last term in Eq. (10)
can safely be neglected. Furthermore, GE can be replaced by
the hadron charge Zh and GM by Zhµh, the hadron magnetic
moment in units of e/2Mh. The resulting expression is the one
Horowitz and Mayer [1] have used.
In addition, we will briefly consider for later purposes the
low-energy expansion of the scattering matrix in (9). Expand-
ing the currents up to order (p/Me/h)2, one finds in the c.m.-
frame
Tm′hm′e,mhme = χ
†
m′
h
χ†m′e T˜
nrχmeχmh , (13)
where χme/h denotes an electron or hadron Pauli spinor, re-
spectively, and
T˜ nr = −
4piαZh
q2
[
1−
( 1
8M2e
+
2µh − 1
8M2h
)
q2 +
P
2
4MeMh
−
( 1
8M2e
+
1
4MeMh
)
i(σe × q) · P )
−
( µh
4MeMh
−
2µh − 1
8M2h
)
i(σh × q) ·P
−
µh
4MeMh
(q2σe · σh − σe · qσh · q)
]
(14)
with P = p+ p′. Keeping only the very lowest order term for
each of the spin-independent and the linear and quadratic spin
dependent parts, one finds finally
T nr = −
4piαZh
q2
[
1−
i
4M2e
(σe × q) · p
−
µh
4MeMh
(q2σe · σh − σe · qσh · q)
]
, (15)
where q × P = 2q × p has been used. The second term
describes the electron spin-orbit interaction and the last one
the hyperfine interaction between electron and hadron. Further-
more, for the polarization vector one has as nonrelativistic limit
〈pm′|γ5S/e(l)|pm〉 → χ
†
m′σlχm (16)
and thus the nonrelativistic limit of (7) becomes
Pkl
dσ0
dΩh
=
1
16pi2
M2eM
2
h
W 2
Trace(T nr †fi σkT
nr
fi σl)
=
4cs
q2
(q̂k q̂l − δkl) , (17)
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where q̂ denotes the unit vector along q and
cs =
α2Z2hµhMeMh
W 2
. (18)
2.2 Coulomb effects
As already mentioned, at those low energies considered here,
Coulomb effects cannot be neglected [1]. In order to incor-
porate them, we adopt a non-relativistic framework with the
Coulomb potential V C as the main interaction between hadron
and electron. Since we want to describe polarization transfer
effects, we have to take into account spin degrees of freedom,
which means we have to include in addition lowest order rela-
tivistic contributions to the electromagnetic interaction between
hadron and electron. Thus the total interaction consists of the
spin independent static Coulomb potential V C , the spin-orbit
interaction V LSe of the electron and the hyperfine interaction
V SS , neglecting the much smaller hadron spin-orbit interac-
tion, i.e.
V = V C + V LSe + V
SS = V C + V σ , (19)
with
V C = −
4piαZh
r
, (20)
V LSe = c
LS
e (∇V
C × p ) · σe) , (21)
V SS = cSS
(
σe · σh∆− (σe ·∇)(σh ·∇)
)
V C . (22)
Here r and p denote relative coordinate and momentum, and
the constants are
cLSe =
1
4M2e
and cSS = µh
4MeMh
. (23)
It is worthwhile to point out that the plane wave Born approx-
imation of the scattering matrix for the potential in (19) is ex-
actly the low energy expansion in (15).
The complete scattering matrix for the interaction V
Tfi = 〈φf |T |φi〉 , (24)
with |φi/f 〉 as plane waves, can be expressed in terms of the
scattering matrix TC of the pure Coulomb potential V C plus
an additional contribution from the spin interaction T σ
T = TC + T σ , (25)
where
T σ = (1 + TCG0(+))T˜
σ(1 +G0(+)T
C) , (26)
and the auxiliary scattering matrix T˜ σ is generated by the spin
interaction V σ and determined as solution of
T˜ σ = V σ(1 +GC(+)T˜
σ) . (27)
Here, G0(+) denotes the free propagator and GC(+) the propaga-
tor in the Coulomb field
GC(+) = G
0
(+)(1 + T
CG0(+)) . (28)
With the help of the representation (25) one obtains
Tfi = 〈φf |T
C + (1 + TCG0(+))T˜
σ(1 +G0(+)T
C)|φi〉
= TCfi + 〈ψ
C(−)
f |T˜
σ|ψ
C(+)
i 〉 . (29)
The nonrelativistic Coulomb amplitude is given by [10]
TCfi = −
4piαZh
q2
eiφc(θ) , (30)
where φc denotes the Coulomb phase
φc(θ) = −ηc ln(sin
2(θ/2)) + 2σc , (31)
σc = arg(Γ (1 + iηc)) , (32)
with Γ (z) standing for the gamma function and the Sommer-
feld Coulomb parameter ηc = −αZh/v, where v = p/M
denotes the relative velocity between hadron and electron and
M =MeMh/(Me +Mh) the reduced electron-hadron mass.
Furthermore, in (29) ψC(±)i/f represent incoming and out-
going scattering solutions for the pure Coulomb field, and we
have used the relation
|ψ
C(+)
i 〉 = (1 +G
0
(+)T
C)|φi〉 (33)
for the incoming scattering wave and a corresponding one for
the outgoing wave |ψC(−)f 〉. Explicit analytic expressions for
these Coulomb scattering waves are well known, e.g. [10],
ψC(+)
p
(r) = N(ηc)e
ip·r
1F1(−iηc, 1; i(pr − p · r )) (34)
and
ψC(−)
p
(r ) = (ψ
C(+)
−p (r ))
∗ , (35)
where 1F1(a, b; z) denotes the confluent hypergeometric func-
tion, and the normalization factor is given by
N(ηc) = e
−pi
2
ηcΓ (1 + iηc)
=
√
2piηc
e2piηc − 1
eiσc . (36)
In lowest order (PW), T σ is given by the spin interaction
V σ alone, whereas the distorted wave Born approximation (DW)
is defined by replacing in (26) T˜ σ by V σ yielding
TDWfi = T
C
fi + 〈ψ
C(−)
f |V
σ|ψ
C(+)
i 〉 , (37)
which means in comparison to the PW the replacement of the
plane waves by Coulomb distorted scattering waves. In [1] Cou-
lomb effects were included in a rough approximation by using
the exact non-relativistic Coulomb amplitude in (30) for the
spin-independent part while taking the hyperfine amplitude in
PW multiplied solely by the Coulomb wave functions at the ori-
gin, i.e. by N(ηc)2. In the present work, we have evaluated the
hyperfine interaction in the full DW whereas we have neglected
the spin-orbit interaction V LSe because it will not contribute to
the polarization-transfer in lowest order proportional to cSS ,
since V LSe is linear in the electron spin variables and thus con-
tributes only via the interference between V LSe and V SS which
we consider as higher order.
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According to the structure of V SS , consisting of a scalar
and a traceless tensor part, the T matrix has a corresponding
general form with respect to the spin degrees of freedom
T = −4piαZh
( a
q2
− cSS (dσe · σh + σe ·D · σh)
)
, (38)
where the tensor D of rank two is symmetric and traceless.
This tensor as well as the scalars a and d depend on the type of
approximation. In detail one has with q2 = q2
(i) PW:
aPW = 1 , (39)
dPW =
2
3
, (40)
DPWij = −(q̂iq̂j −
1
3
δij) . (41)
(ii) Horowitz-Meyer (HM):
aHM = eiφc(θ) , (42)
dHM = N(ηc)
2dPW , (43)
DHMij = N(ηc)
2DPWij . (44)
(iii) DW:
aDW = eiφc(θ) = aHM , (45)
dDW = dHM , (46)
DDWij =
1
4pi
∫
d3r
r3
ψ
C(−)
p ′
(r)∗
(3rˆi rˆj − δij)ψ
C(+)
p
(r) . (47)
2.2.1 The unpolarized cross section
The spin dependent part of the scattering matrix gives also a
contribution to the unpolarized differential cross section be-
cause one finds
Trace(T †fiTfi) = (8piαZh)
2
( |a|2
q4
+(cSS)2(3|d|2 +
∑
ij
|Dij |
2)
)
, (48)
and, therefore, for the unpolarized nonrelativistic cross section
dσ0
dΩh
=
dσR
dΩh
(
1 +
q4
|a|2
(cSS)2(3|d|2 +
∑
ij
|Dij |
2)
)
,(49)
where dσR/dΩh = 4α2Z2hM2e /q4 denotes the unpolarized
nonrelativistic Rutherford cross section, and the term propor-
tional to (cSS)2 describes the relative contribution from the
hyperfine interaction. Its size can serve as a criterion for the va-
lidity of the DW approximation, i.e. as long as its size is small
compared to one the approximation should work well.
2.2.2 The polarization transfer cross section
For the polarization transfer cross section one has to evaluate
(7) with the T -matrix of (38) and obtains, neglecting terms pro-
portional to (cSS)2 as higher order,
Trace(T †fiσ
e
l Tfiσ
h
k ) = −
cSS
q2
(8piαZh)
2Ŝkl , (50)
where the second-rank tensor Ŝij is defined by
Ŝij = ℜe[a
∗(d δij +Dij)]
= S0δij + Sij . (51)
One should note that Sij is symmetric and traceless. According
to the approximations in (41) through (47) one finds
(i) PW:
SPW0 =
2
3
, (52)
SPWij = −(q̂iq̂j −
1
3
δij) . (53)
(ii) Horowitz-Meyer (HM):
SHM0 =
2
3
2piηc
e2piηc − 1
cos[ηc ln(sin
2(θ/2))] , (54)
SHMij =
2piηc
e2piηc − 1
cos[ηc ln(sin
2(θ/2))]SPWij . (55)
(iii) DW:
SDW0 = S
HM
0 , (56)
SDWij =
ηc
2(e2piηc − 1)
ℜe
[
eiηc ln(sin
2(θ/2))DDWij
]
.(57)
The resulting nonrelativistic polarization transfer cross sec-
tion corresponding to (10) then reads in the c.m. system
Pij
dσ0
dΩh
= −
α2Z2hµhMeMh
q2W 2
Ŝij . (58)
We would like to point out that the nonrelativistic limit of (10),
given in (17), coincides with the PW of (58).
The polarization transfer tensor Ŝij depends on the scatter-
ing angle Ωh = (θ, φ), i.e. Ŝij(θ, φ). However, it suffices to
calculate Ŝij for φ = 0, from which one obtains Ŝij(θ, φ) for
an arbitrary φ by a rotation around the z-axis by an angle φ
Ŝij(θ, φ) =
(
R(φ)Ŝ0(θ)R−1(φ)
)
ij
, (59)
defining
Ŝ0ij(θ) = Ŝij(θ, 0) = S
0
0(θ)δij + S
0
ij(θ) , (60)
and the rotation matrix
R(φ) =

cosφ − sinφ 0sinφ cosφ 0
0 0 1

 . (61)
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Since Ŝij is symmetric and Ŝ0xy = Ŝ0zy = 0 one finds as φ-
dependence of the tensor components
Ŝxx(θ, φ) = Ŝ
0
xx(θ) cos
2 φ+ Ŝ0yy(θ) sin
2 φ
= S00 + S
0
xx(θ) cos
2 φ+ S0yy(θ) sin
2 φ , (62)
Ŝyy(θ, φ) = Ŝ
0
xx(θ) sin
2 φ+ Ŝ0yy(θ) cos
2 φ
= S00 + S
0
xx(θ) sin
2 φ+ S0yy(θ) cos
2 φ , (63)
Ŝzz(θ, φ) = S
0
0 + S
0
zz(θ) , (64)
Ŝxy(θ, φ) = (S
0
xx(θ)− S
0
yy(θ)) cosφ sin φ , (65)
Ŝxz(θ, φ) = S
0
xz(θ) cosφ , (66)
Ŝyz(θ, φ) = S
0
xz(θ) sinφ . (67)
3 Results for the differential and integrated
polarization transfer cross sections
As it turns out in the explicit evaluation, the tensorDij , defined
in (47), contains the dominant Coulomb effect while the scalar
part d is negligibly small. In principle, one could calculate nu-
merically the three-dimensional integral. However, in view of
the strongly oscillating Coulomb wave functions and the slow
convergence of the integral with r → ∞, it is more advan-
tageous to use an integral representation recently proposed by
Levin, Alt, and Yakovlev [11]. With the help of this integral
representation the space integral can be performed analytically
leaving a two-dimensional integral, which is easier to evaluate
numerically (details may be found in the appendix).
We begin with presenting first the differential polarization
transfer cross sections Pijdσ0/dΩh at φ = 0 for antiproton
electron scattering in Fig. 1 and for proton electron scattering
in Fig. 2 for hadron kinetic lab energies between 0.001 and
1 MeV for the three approximations “PW”, “HM” and “DW”.
The cross sections have been weighted by sin2(θ/2) in order
to account for their 1/q2-dependence.
While in PW the angular behaviour weighted by sin2(θ/2)
is very smooth and approaching a constant value for θ → 0,
Coulomb effects introduce an increasing oscillatory behaviour
with decreasing hadron lab energy with an almost constant am-
plitude for θ → 0. Qualitatively the Coulomb effects look quite
similar for antiproton and proton electron scattering, except for
the size. The reason for this similarity is the symmetry prop-
erty displayed in eqs. (106) and (107) of the appendix, whereas
the size is governed by the normalization factorN(η)2 in (103)
reflecting the fact, that for antiprotons the Coulomb field acts
repulsive and thus produces a decrease of the scattering wave
near the origin while for protons it acts attractive and leads to
a strong increase. Moreover, this feature is amplified by the
fact that the dominant tensor part of DW weighs specifically
the short range region by r−3 (see eq. (47)). Comparing the
approximations “HM” and “DW” one readily notices that at
1 MeV both give almost identical results but with decreasing
energies “HM” underestimates the Coulomb effects more and
more although the oscillations are quite similar except for the
size of the amplitude.
While for antiproton electron scattering the spin contribu-
tion to the unpolarized differential cross section is strongly sup-
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Fig. 1. The differential polarisation transfer cross section weighted by
sin2(θ/2) at φ = 0 for electron antiproton scattering in the c.m. frame
for various antiproton lab kinetic energies and for the approximations
PW, HM, and DW.
pressed in “DW” with decreasing energy due to the increas-
ing repulsive effect of the Coulomb field, the opposite happens
for proton electron scattering. This is demonstrated in Fig. 3
where the ratio of the differential cross section in “DW” to the
Rutherford cross section is plotted. One readily notes that with
increasing scattering angle, corresponding to a decreasing im-
pact parameter, for which the influence of the Coulomb field in-
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Fig. 2. The differential polarisation transfer cross section weighted by
sin2(θ/2) at φ = 0 for electron proton scattering in the c.m. frame for
various proton lab kinetic energies and for the approximations PW,
HM, and DW.
creases, the ratio rapidly becomes larger than one. However, the
onset angle at which the ratio starts to become larger than one
increases rapidly with energy. It is about 3◦ atE = 0.001 MeV
and already 60◦ at E = 0.0016 MeV. Since for the angle-
integrated cross sections the region of small angles is heavily
weighted, the effect is still small at E = 0.001 MeV on the
integrated cross section. But at smaller energies the “DW” will
fail.
1
10
100
1000
10000
100000
1e+06
1 10 100
R
θ [deg]
Th = 0.0010 MeV
Th = 0.0013 MeV
Th = 0.0016 MeV
Fig. 3. Ratio of the unpolarized cross section with spin contribution
over the Rutherford cross section for three lab kinetic energies.
The relevant quantity for the build-up of the hadron polar-
ization in a storage ring is the total polarization transfer cross
section which is obtained by integrating the differential polar-
ization transfer cross section of (58) over the solid angle up to
a minimal scattering angle which is determined by the require-
ment that the impact parameter should not exceed a maximal
value b,
θmin = 2 tan(ηc/l) (68)
with the classical angular momentum l = pb. For the total po-
larization transfer cross section
〈Pijσ〉 =
∫
dΩhPij
dσ
dΩh
=
∫ 2pi
0
dφ
∫ pi
θmin
d cos(θ)Pij
dσ
dΩh
, (69)
the φ-integration can be done analytically according to (62)
through (67). Obviously, the non-diagonal components vanish
and for the diagonal components one finds, using the fact that
the trace of S0ij vanishes, i.e.
S0xx + S
0
yy = −S
0
zz , (70)
the following results
〈Pxxσ〉 = 〈Pyyσ〉
=
pics
2p2
∫ pi
θmin
d cos(θ)
sin2(θ/2)
(
S00 −
1
2
S0zz
)
, (71)
〈Pzzσ〉 =
pics
2p2
∫ pi
θmin
d cos(θ)
sin2(θ/2)
(
S00 + S
0
zz
)
. (72)
Since, as already mentioned, the scalar contribution is negli-
gible compared to the tensor one, i.e. S00 ≪ S0zz , one has the
simple relation
〈Pxxσ〉 = 〈Pyyσ〉 ≈ −
1
2
〈Pzzσ〉 , (73)
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Fig. 4. The integrated polarisation transfer cross section 〈Pzzσ〉 for
antiproton and proton electron scattering in the c.m. frame as function
of the hadron lab kinetic energy for b = 1010 fm in PW, HM, and DW.
and consequently it suffices to consider 〈Pzzσ〉 alone.
In Fig. 4 we show first for the range of higher lab kinetic
energies between 3 and 100 MeV the result for the integrated
polarization transfer cross section 〈Pzzσ〉 for both, antiproton
and proton electron scattering for b = 1010 fm without, i.e. in
PW, and with inclusion of Coulomb effects for HM and DW ap-
proximations. While near 100 MeV Coulomb effects are very
small and all three approximations give nearly the same result,
the influence of the Coulomb field becomes increasingly im-
portant with decreasing energy, resulting in an increasing re-
duction of 〈Pzzσ〉 which is stronger for antiproton compared
to proton electron scattering. In this energy range HM and DW
approximations give very similar results.
The lower energy range between 0.001 and 10 MeV is dis-
played in Fig. 5 for antiproton electron scattering, again in PW,
HM, and DW approximations for b = 1010 fm. In order to
study the dependence on the b-parameter, i.e. on the minimal
scattering angle, we show in addition results in DW for b = 108
and 109 fm. It is apparent that below 1 MeV Coulomb effects
continue to strongly suppress 〈Pzzσ〉, but introduce rapid oscil-
lations with nearly constant amplitude except at very low ener-
gies. Also the HM approximation shows such oscillations, but
with shifted phase and rapidly decreasing amplitude leading
to almost vanishing cross sections below 0.01 MeV. The DW
gives still sizeable cross sections which essentially arise from
the tensor part because the scalar part is completely negligible.
The decrease of the b-parameter leads to a slight shift of the
oscillations while the amplitude is less affected.
The corresponding results for proton electron scattering are
shown in Fig. 6. In contrast to the antiproton case one notes
here a very rapid increase of the integrated polarization transfer
cross sections with decreasing energy. This rapid increase is ex-
pected from what has been found for the differential polariza-
tion transfer cross section (see Fig. 2). As already said above,
it is caused by the strong attraction of the Coulomb field at
small distances pulling in the scattering wave towards the cen-
ter. In order to make possible a comparison with the antiproton
case we display in Fig. 7 again 〈Pzzσ〉 with the essential dif-
ference that the dominant factor e−2piηc has been divided out.
One notes a similar pattern as for the antiproton case with the
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antiproton electron scattering in the c.m. frame as function of the an-
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upper panel the results in PW are divided by 1000 while those in HM
are multiplied by 10. In the lower panel the PW results are divided by
100.
important exception that, if one takes into account the normal-
ization factor, the amplitude of the oscillations increases very
rapidly with decreasing energy so that in the maxima 〈Pzzσ〉
becomes much larger than in PW.
4 Summary and conclusions
The polarization transfer in elastic hadron (proton and antipro-
ton) electron scattering from an initially polarized electron to
the final hadron has been calculated at low hadron kinetic en-
ergies with inclusion of Coulomb effects in a distorted wave
approximation.
For antiproton electron scattering the influence of the repul-
sive Coulomb field leads to a strong reduction of the polariza-
tion transfer cross section compared to the plane wave approx-
imation and in the angular dependence of the differential cross
section to an increasing oscillatory behavior with decreasing
energy. Consequently, the integrated polarization transfer cross
section is considerably smaller than for the plane wave approx-
imation, and exhibits oscillations with respect to the energy de-
pendence. In the maxima 〈Pzzσ〉 does not exceed about 5 [b].
The position of the maxima depends slightly on the minimal
scattering angle determined by a maximal impact parameter.
Qualitatively the same oscillatory behaviour is found for
proton electron scattering when Coulomb effects are included,
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however, with the essential difference of a rapidly increasing
amplitude with decreasing energy, exceeding largely the plane
wave result. The reason for this is that the in this case the attrac-
tive Coulomb field pulls the scattering wave towards smaller
distances, the effect of which increases strongly with decreas-
ing energy. This effect, however, limits the validity of the dis-
torted wave approximation towards very small energies, say be-
low 1 keV.
However, with respect to an experimental method to polar-
ize antiprotons using the polarization transfer from polarized
positrons to antiprotons in a storage ring, one has to include a
possible initial hadron polarization and, furthermore, to distin-
guish between polarization transfer without and with spin-flip
processes. This will be studied in a forthcoming paper [12].
Appendix: The Coulomb integral
For the evaluation of the integral
Dij =
1
4pi
∫
d3rψ
C(−)
p ′
(r)∗
1
r3
(3rˆi rˆj − δij)ψ
C(+)
p
(r) . (74)
one can make use of an integral representation of the conflu-
ent hypergeometric function as recently proposed in [11] (for
convenience we set here and in the following ηc = η)
1F1(−iη, 1; ix) = Q(η)
∫ 1
0
dt f(t, η)∗ eixt
×(1− (1− t)ix) , (75)
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proton electron scattering in the c.m. frame divided by the factor
e−2piηc as function of the proton lab kinetic energy for three values
of the b-parameter.
with
Q(η) =
sinhpiη
piη
and f(t, η) = eiη ln
t
1−t . (76)
Substituting t by 1− t, one finds the equivalent form
1F1(−iη, 1; ix) = Q(η)
∫ 1
0
dt f(t, η) eix(1−t) (1− ixt)
= Q(η)
∫ 1
0
dt f(t, η) (1 +Ot) e
ix(1−t) . (77)
where Ot = t ∂∂t . Using the relation between the cartesian and
the spherical form of a symmetric, traceless tensor of second
rank
3rˆi rˆj − δij =
∑
M
cij,MY2M (rˆ) , (78)
where we do not need to specify the coefficients cij,M , one can
write
Dij =
∑
M
cij,MD2M (79)
with
D2M =
N(η)2
4pi
∫
d3r
r3
1F1(−iη, 1; i(pr+ p
′ · r ))
×Y2M (rˆ) e
i(p−p ′ )·r
1F1(−iη, 1; i(pr − p · r )) . (80)
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Inserting now the integral representation of (77), one finds
D2M =
(N(η)Q(η))2
4pi
∫ 1
0
dt f(t, η) (1 +Ot)∫ 1
0
dt′ f(t′, η) (1 +Ot′) I2M (t, t
′) (81)
with
I2M (t, t
′ ) =
∫
d3r
r3
Y2M (rˆ) e
ipr(2−t−t′) ei(p t−p
′ t′)·r . (82)
The integration over r can be done analytically yielding first
for the angular integration
I2M (t, t
′ ) = −4pi Y2M (aˆ(t, t
′))∫ ∞
0
dr
r
eipr(2−t−t
′) j2(a(t, t
′)r) . (83)
By a transformation of the integration variable, one obtains
I2M (t, t
′ ) = −4pi Y2M (aˆ(t, t
′))
∫ ∞
0
dx
x
eic(t,t
′)x j2(x)
= −4pi Y2M (aˆ(t, t
′))I(c(t, t′)) , (84)
where we have introduced
a(t, t′) = p t− p ′ t′ , (85)
a(t, t′) = |a(t, t′)| = p g(t, t′) , (86)
g(t, t′) = [t2 + t′2 − 2tt′ cos θ]1/2 , (87)
c(t, t′) =
2− t− t′
g(t, t′)
, (88)
and θ denotes the scattering angle in the c.m. frame. This inte-
gral is solved analytically
I(c) =
∫ ∞
0
dx
x
eicx j2(x)
=
1
3
−
1
2
c2
−
1
4
c(1 − c2)
(
ln
∣∣∣c+ 1
c− 1
∣∣∣− ipi Θ(1 − c)) . (89)
With the help of
Aij(t, t
′) = 3aˆi(t, t
′) aˆj(t, t
′)− δij
=
∑
M
cij,M Y2M (aˆ(t, t
′)) , (90)
the following form for the tensor in (47) is obtained
Dij = −N(η)
2Q(η)2
∫ 1
0
dt f(t, η) (1 +Ot)∫ 1
0
dt′ f(t′, η) (1 +Ot′)Aij(t, t
′) I(c(t, t′)) . (91)
The remaining integrations over t and t′ will be done nu-
merically. To this end one would have to evaluate the deriva-
tives
(1 + Ot) (1 +Ot′)Aij(t, t
′) I(c(t, t′)) =
Aij(t, t
′) I(c(t, t′))
+(t
∂
∂t
+ t′
∂
∂t′
+ tt′
∂2
∂t∂t′
)Aij(t, t
′)I(c(t, t′)) . (92)
Another possibility is to eliminate them by partial integration,
i.e.∫ 1
0
dtf(t′, η) (1 + t′
d
dt′
)g(t′) = lim
t→1−
[
t′f(t′, η)g(t′)
∣∣∣t
0
−
∫ t
0
dt′t′g(t′)
d
dt′
f(t′, η)
]
, (93)
and for
f(t′, η) = eiη ln
t′
1−t′ , (94)
one finds∫ 1
0
dtf(t′, η) (1 + t′
d
dt′
)g(t′) = lim
t→1−
[
tf(t, η)g(t)
−iη
∫ t
0
dt′
1− t′
g(t′)f(t′, η)
]
. (95)
That the limit t→ 1− exists can be seen by using the following
identity (for t < 1)
e−iη ln (1−t) = 1 + iη
∫ t
0
dt′
1− t′
e−iη ln (1−t
′) . (96)
Thus (95) becomes∫ 1
0
dtf(t′, η) (1 + t′
d
dt′
)g(t′) = g(1) (97)
+iη
∫ 1
0
dt′
1− t′
e−iη ln (1−t
′)
(
g(1)− eiη ln t
′
g(t′)
)
.
In particular, one obtains with g(t) = eixt an integral repre-
sentation of the confluent hypergeometric function equivalent
to (77), namely
1F1(−iη, 1; ix) = (98)
Q(η)
[
1 + iη
∫ 1
0
dt′
1− t′
e−iη ln (1−t
′)
(
1− eiη ln t
′
eixt
′
)]
.
Using the representation (97) for both integrations over t
and t′, one obtains as final form for the tensor
Dij = −N(η)
2Q(η)2
[
D˜ij(1) (99)
+iη
∫ 1
0
dt
1− t
e−iη ln (1−t)
(
D˜ij(1)− e
iη ln tD˜ij(t)
)]
,
where
D˜ij(t) = Aij(t, 1) I(c(t, 1)) (100)
+iη
∫ 1
0
dt′
1− t′
e−iη ln (1−t
′)
(
Aij(t, 1) I(c(t, 1))
−eiη ln t
′
Aij(t, t
′) I(c(t, t′))
)
.
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For η = 0, which means neglecting Coulomb effects, one finds
with N(0) = 1 and Q(0) = 1
Dij |η=0 = D˜ij(1)|η=0
= −Aij(1, 1)I(c(1, 1)) , (101)
and furthermore with c(1, 1) = 0, thus I(c(1, 1)) = 1/3 and
a(1, 1) = q finally
Dij |η=0 = −(qˆiqˆj −
1
3
δij) . (102)
Thus for this case (η = 0) eqs. (46) and (47) indeed reduce to
(40) and (41), respectively.
With respect to the dependence of Dij on the sign of η it is
useful to separate the normalization factor N(η)2 and to split
Dij into two contributions according to the real and imaginary
part of I(c), indicating the η-dependence only,
Dij(η) = N(η)
2Q(η)2(Rij(η) + Iij(η)) , (103)
where
Rij(η) = −
∫ 1
0
dt f(t, η) (1 +Ot)
∫ 1
0
dt′ f(t′, η) (1 +Ot′)
×Aij(t, t
′)ℜeI(c(t, t′)) , (104)
Iij(η) = −i
∫ 1
0
dt f(t, η) (1 +Ot)
∫ 1
0
dt′ f(t′, η) (1 +Ot′)
×Aij(t, t
′)ℑmI(c(t, t′)) . (105)
Both contributions are complex. They possess the following
simple symmetry under a sign change of η
Rij(−η) = (Rij(η))
∗ , (106)
Iij(−η) = −(Iij(η))
∗ , (107)
because one has
f(t,−η) = (f(t, η))∗ . (108)
Thus it suffices to calculate Rij and Iij for one sign of η.
The numerical evaluation of the integrals is straightforward.
However, it turns out, that for the practical evaluation a trans-
formation of the integration variable is advantageous by setting
τ = 1/(1− t) resulting in
∫ 1
0
dt
1− t
e−iη ln (1−t)(g(1)− g(t)) = (109)∫ ∞
1
dτ
τ
eiη ln τ (g(1) − g(t(τ))) ,
which shows good convergence for τ →∞.
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